PROJECTION BODIES IN COMPLEX VECTOR 

SPACES 



JUDIT ABARDIA AND ANDREAS BERNIG 

Abstract. The space of Minkowski valuations on an m-dimensional 
complex vector space which are continuous, translation invariant 
and contravariant under the complex special linear group is explic- 
itly described. Each valuation with these properties is shown to 
satisfy geometric inequalities of Brunn-Minkowski, Aleksandrov- 
Fenchel and Minkowski type. 



1. Introduction 

Let be a real vector space of dimension n. Let ICiV) denote the 
space of non-empty compact convex bodies in V , endowed with the 
Hausdorff topology. 

The projection body oi K & ^(^) is the convex body UK G ICiV*) 
whose support function is given by 

11 

h(UK,v) = -V{K,...,K,[-v,v]), \fv e V. 

Here V{K, . . . ,K, [—v, v]) is the mixed volume of n — 1 copies of K 
and one copy of the segment [—v, v] joining —v and v. In the follow- 
ing, we will use the standard notation V{K[n — 1], [— instead of 
V{K,...,K, [-v,v]). 

In more intuitive terms, suppose that V is endowed with a Euclidean 
scalar product. Then we can identify V* with V and the support func- 
tion of UK in the direction v G S^~^ is the volume of the orthogonal 
projection of K onto the hyperplane v^. 

Projection bodies have been widely studied since their introduction 
by Minkowski at the end of 19th century. They satisfy important 
properties which make them useful not only in convex geometry, but 
also in other areas such as geometric tomography, stereology, computa- 
tional geometry, optimization or functional analysis (see, for example. 

As an example, we mention the solution of Shephard's problem [161 
H Ho], where projection bodies played an important role. 
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There are also important inequalities involving the volume of the 
projection body and its polar, such as the Petty projection inequal- 
ity [lO] and the Zhang projection inequality |53j. For additional in- 
formation and recent results on projection bodies see, for example, 

[a[l9l[23l|33l[3l[35l|36lll3l|51]. 

Ludwig [251 126] proved that the projection operator 11, sending each 
convex body to its projection body is characterized by the following 
properties: 

(1) n is a continuous Minkowski valuation, i.e. 

U{K U L) + Il{K nL)=UK + UL 

whenever K, L, K U L G IC{V) (here the sum is the Minkowski 
sum of convex bodies); 

(2) n is translation invariant, i.e. Il{K + x) = Il{K) for all x E V; 

(3) n is SL(F)-contravariant, i.e. 

U{gK) = g~*U{K), WK e }C{V),g G SL{V). 

More generally, a valuation is an operator Z : ICiV) — )■ {A, +) with 
{A, +) an abelian semi-group, such that the following additivity prop- 
erty is satisfied: 

ZK, + ZK2 = Z{K\ U K2) + Z{Ki n K2), \/Ki, K2, KiUK2e 1C{V). 

The classical case A = M has attracted a lot of attention, we refer to 
[Ill2ll3lia[71[8l[T3l|20l|29]for some new developments. 

In the case of the projection body, A = )C{y*) endowed with Minkowski 
addition. Valuations with values in }C{V) or ]C{V*) are called Minkowski 
valuations. See P [111 [21 [251 [261 |27l |28l SI |Ml SZl more infor- 

mation on Minkowski valuations. 

In this paper we study a complex version of Ludwig's character- 
ization theorem of the projection operator. This work is part of a 
larger program aiming at complex-affine versions of some geometric 
and functional inequalities (e.g. isoperimetric inequalities and Sobolev 
inequalities). It seems that not much has been done in this direction. 
We know only of one work, namely the solution of a complex version 
of the Busemann- Petty problem in p2]. 

Let us now describe our main result. The real vector space V of 
real dimension n is replaced by a complex vector space W of complex 
dimension m and the group SL(y) = SL(n, M) is replaced by the group 
SL(iy,C) = SL(m,C). Note that SL(m,C) C SL(2m,R), so that each 
element in SL(m, C) is volume preserving. 

For a subset C C C and w G IV, we denote 

C-w:= {cw\c eC}(lW. 
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Note that C ■ w is convex if C is convex. 

Theorem 1. Let W be a complex vector space of complex dimension 
m > 3. A map Z : }C{W) — )■ }C{W*) is a continuous translation 
invariant and SL{W, C)-contravariant Minkowski valuation if and only 
if there exists a convex body C G C such that Z = He, where HcK G 
)C{W*) is the convex body with support function 

(1) h(ncK,w) = V{K[2m-l],C -w), e W. 

Moreover, C is unique up to translations. 

Let us point out the complete analogy with the real case: replacing 
formally C by M in the theorem gives Ludwig's theorem. 

The assumption m > 3 is essential. In Proposition 13.31 we will con- 
struct a class of continuous, translation invariant, SL(2, C)-contravariant 
Minkowski valuations on which are not of the form ([1]). 

In the last section of this paper, we establish a number of inequalities 
for complex projection bodies which are analogs of inequalities satisfied 
by the classical projection body. 

Before stating these theorems, let us define mixed complex projection 
body. Their real analogous were introduced by Bonnesen-Fenchel (TU] 
and studied, among others, by Chakerian, Goodey and Lutwak [121 [13 

Definition 1.1. Let Ki, . . . , K2m-i e JC{W) and C C C. The mixed 
complex projection body Ilc{Ki, . . . , K2m-i) ^ }C(W*) is the convex 
body whose support function is given by 

h{Uc{Ki, . . . , K2m-i),w) = V{Ki, . . . , K2m-u C ■ w) , yweW. 

We fix a Euclidean scalar product on W, denote by B the unit ball 
and use the following notation: 

W,{K,L) = V{K[2m-l-i],B\i],L), K,Le IC{W),0 < i<2m-l. 

The mixed volume Wi{K, K) will be written as Wi{K) and is called 
the i-th quermassintegral oi K. 

Theorem 2. Let K, L, Ki, . . . Kam-i e IC{W). 
i) Brunn- Minkowski type inequality. 

Voi(nc.(ir+L)) 1/2^(2™-!) > voi(ncK)i/2"(2"-i)+Voi(ncL)i/2"(2"-i). 
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ii) Aleksandrov-Fenchel type inequality. For < i < 2m — 1,2 < k < 
2m -2, 

k 

Wi{Ilc{Ki, K2^-i)f > n ^ii^c{Kj, K„ Kk+i, K2m-i)). 

Hi) Minkowski type inequality. For < i < 2m — 1, 

W,{Uc{K[2m - 2],L))2™-i > W,{UcKy"'''W,{UcL). 

Moreover, if K and L have non-empty interior and C is not a point then 
the equality in i) and Hi) holds if and only if K and L are homothetic. 

Acknowledgments. We would like to thank Franz Schuster for many 
interesting discussions and useful remarks on this paper. We also thank 
the anonymous referee for several helpful suggestions. 

2. Background and conventions 

In this section, we fix some notation which will be used later on. We 
try to use intrinsic definitions whenever possible. In particular, we do 
not assume that our vector space V is endowed with an inner product, 
hence we will distinguish between V and V*. 

2.1. Support function. The support function of i^' G IC{V) is the 
function on V* defined by 

Hk-.V* ^ M, 

^ ^^ sup(^,x), 

where x) denotes the pairing of C, E V* and x E V. 

The support function is 1-homogeneous (i.e. hxit^) = thxiO 
t > 0) and subadditive (i.e. h^i^ + v) ^ ^^(0 + hxiv))- Conversely, 
every 1-homogeneous and subadditive function on V* is the support 
function of a unique compact convex set K G }C{V) (cf. [l3l Theorem 
1.7.1]). 

Throughout this paper we also shall use the following property of 
the support function: 



(2) 



h{gK,0 = h{K,g*0, yUV*,geGL{V). 
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2.2. Mixed Volumes. We refer to [13] for details about mixed vol- 
umes. 

In a real vector space V of dimension n with a volume Vol, the 
mixed volume is the unique symmetric and Minkowski multilinear map 
{K,, . . . , K„) ^ V{K,, . . . , i^O with V{K, ...,K)= Vo\{K). 

These functionals are nonnegative, continuous, symmetric and trans- 
lation invariant in each component. Moreover, 

V{gK,, ...,gKr,) = \ det g\V{K^, ...,K^), ge GL(V), 

so that they are invariant under volume-preserving affine transforma- 
tions g G SL{V). 

We will also need the monotonicity property: if Ki G K[, then 

V{K,,...,K^)<V{K[,...,K^). 

Given convex bodies i^i, . . . , there is a unique extension of 

the functional K h-)> V{Ki, . . . , Kn-i, K) to a linear functional on the 
space of all continuous 1-homogeneous functions / : V* — )■ M such that 
for all L G /C(V) 

V{K^, . . . , ir.-i, hL) = V{K^, L). 

2.3. Translation invariant valuations. Let V be a finite-dimensional 
real vector space of dimension n. The Banach space of real-valued, 
translation invariant, continuous valuations on V is denoted by Val. It 
has been studied intensively, see for instance [H El [20], [38] . 

A basic structure result for Val is the following direct sum decompo- 
sition due to McMullen. A valuation fi G Val is called homogeneous of 
degree k if fi{tK) = t^^i{K) for all t > 0. If ^i{-K) = fi{K) for all K, 
then /i is called even; if fi{—K) = —fi{K), then is called odd. The 
subspace of even/odd valuations of degree k is denoted by Val^. 

Theorem 2.1 (McMullen ^7]). 

(3) Val= Val^ 

k=0,...,n 

£ = ± 

The space Val^ admits the following geometric description. In order 
to simplify the notation, let us fix a Euclidean scalar product on V. Let 
Grfc V be the Grassmannian manifold of all fc-dimensional subspaces in 
V. 

Let /i G Val^ and let be a fc-dimensional subspace of V. By a 
theorem of Klain [20], hIe is a multiple of the volume on E: 

lj{K) = K\^{E) Vo\{K), \IK G 1C{E). 
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The function Kl^ : GikiV) — )■ M is called Klain function. Klain's 
injectivity theorem [201 Theorem 3.1] states that the valuation /i G Val^ 
is uniquely determined by its Klain function Kl^ G CiGik V). 

The next notion which we need comes from representation theory. 
We refer to [52j for more details. 

The group GhiV) acts naturally on Val: 



If for a valuation /i G Val, the map g ^ gjj, from the Lie group 
GL(l^) to the Banach space Val is smooth, then /i is called smooth. 
The subspace of smooth valuations is denoted by VaP"^, it is a dense 
subspace in Val. 

Clearly, if /i G Val^'"'''', then the Klain function of is smooth as 
a function on Gr^ V . We will need the following fact about smooth 
valuations. 

Proposition 2.2 (Alesker [5]). If G is a subgroup of SO{V) acting 
transitively on the unit sphere of V, then the subspace VaP C Val of 
G-invariant elements is a subspace o/VaP™'. 

Valuations which are homogeneous of degree n — 1 can be explicitly 
described as follows. 



Theorem 2.3 (McMullen |38]). Let n G Val„_i. Then there is a 




continuous, 1-homogeneous function / : V* — i- M such that for all 



The function f is unique up to a linear map. 

3. Characterization of the complex projection body 

Lemma 3.1. Let W be a complex vector space of (complex) dimension 
m>2. Let G := SL{W,C). Let f : W be a continuous function 

with the property that f o g — f is a linear function Ig for each g E G. 
Then f is affine. 

Proof. Let us first treat the case m = 2. Write f = f^ + f~ with 
an even function and /~ an odd function. Comparing even and odd 
parts in the equation f o g — f = Ig yields that /"*" is G-invariant and 
that f~og — f~ = Ig- Since G acts transitively onW \ {0}, we obtain 
that /"*" is constant. On the other hand, taking g = —Id G SL(iy, C) 
gives us 



gfi{K) = fi{g-'K), g e GL{V), K e }C{V). 




K G KiV) 



li{K) = V{K[n-l],f). 



f 




i.e. / is linear. 
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Now let m > 2. We want to show that f {x +y) + f {x — y) — 2f (x) = 
for all x,y e W. Let W he a two-dimensional complex vector space 
containing x and y and set H := SL(H^, C) = SL(2, C). Each element 
of H can be extended to an element of G. It follows that the restriction 
of f to W satisfies the assumption of the lemma in the case m = 2, 
which we have already discussed. Therefore /l^y is affine, which implies 
that fix + y) + fix -y)- 2 fix) =0. □ 

A valuation Z : /C(W^) — )■ /C(W^*) is said to be -bi-invariant if 
ZiqK) = ZiK) and qZiK) = ZiK) for g G 5^ and /sT G K,iW). 

Lemma 3.2. Let W he a complex vector space of complex dimension 
m > 3. Let Z : /C(W^) — )> ICiW*) be a continuous translation invariant 
S^-bi-invariant and SLiW,C) -contravariant Minkowski valuation with 
degree of homogeneity k, 1 < k < 2m — 1. Then ZK — {0}, e 
KiW). 

Proof. First note that the 5'^-bi-invariance and the homogeneity imply 
that 

(4) ZigK) = I det g\^g-*ZK, Wg e GL(H/, C). 

Indeed, any g can be written as g = g^tq, where g^ G SL(1^, C), t £ 
R>o, q & S^. From det g — f^q"^ we deduce that 

ZigK) = ZigotqK) = g^H'^ZiqK) = g-*t^+^ZiK) = \ det gl"^ g-* Z iK) . 

Now we distinguish two cases. 
Case k = m — 1. 

Let ei, . . . , e^n be a complex basis of W . Given vectors Wi, . . . , Wm G 
VF, we can compute the determinant det('y;i, . . . , Wm) e C with respect 
to this basis. 

Let us denote by . . . , w;„,_i] the parallelotope [0,Wi] + ■■■ + 
[0, Wm-i\- We claim that for each w and each m— 1-tuple {wi, . . . , Wm-i}-, 
we have 

(5) hiZ[wi, . . .,Wm-i],w) = c\ det(wi, . . . , 

where c = /i(Z[ei, . . . , e^_i], e^) e R. 

Since both sides are continuous in Wi. . . . ,Wm^i,w, it is enough to 
show this equation in the case where wi, . . . , Wm-i, w are independent 
over C. 

Define g e GL(iy, C) by gwi = ei, . . . , gWm-i = 6^-1, gw = e^. 
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Then, using (jlj), 
h{Z[wi, . . . , Wm-i], w) = h{g'*Z[wi, Wm-i],gw) 

= h{Zg[wi, . . . ,Wm-i],gw)\ detg]^'^ 

= h{Z[ei, . . .,em-i],em)\ det(wi, . . . ,Wm~-i,w)\. 

This proves (jS]). 

Let us fix a Hermitian scalar product on W such that ei, . . . , is 
a Hermitian basis. Then SU(iy) = SU(m) is a subgroup of SL(W,C). 

Let Wo be the complex vector space generated by ei, . . . , Cm-i- The 
stabilizer of SU(iy) at can be identified with the group SU(Wo) — 
SU(m- 1). 

Define a real-valued valuation fi on Wo by 

fi{K):=h{ZK,eJ, K e }C{Wo). 

Clearly is a continuous, translation invariant, even valuation of 
degree m — 1. By (jS]), the Klain function of fi is SU(PVo)-invariant. 
Since the Klain function of an even valuation describes it uniquely, it 
follows that fi is SU(Wo)-iiivariant. 

The group SU(Wo) acts transitively on the unit sphere of Wq (note 
that this is where our assumption m > 3 is used). By Proposition 12. 2[ 
/i is a smooth valuation, i.e. fj, G Val^^. In particular, the Klain 
function of /i is a smooth function on Gim-iiWo) ■ 

Let 7 : M — GTm~i{Wo) be the smooth curve given by 

7(t) := spaujj {costei + sintze2, 62, 63, . . .,em-i} ■ 
By ([5]) we have 

Kl^(7(t)) = c| det(costei + smtie2, 62, 63, ... , e^-i, e^)! = c| cost], 

which is smooth only for c = 0. This implies that the Klain function 
of the valuation fi{K) = h{ZK, w) vanishes for each w G W, which by 
Klain's injectivity theorem implies that ZK = {0}, i.e. Z is trivial. 
Case l<fc<m — lorm<fc< 2m — 1. 
Let ei, . . . , Cm be a complex basis of W. 

Let E C W he the real subspace generated by ei, . . . , Cfc if < m 
and by ei, . . . , Cm, iei, . . . , iek-m if k > m. 

Let g G GL(iy, C) be defined by gcj = XjCj with Ai, . . . , Am G M>o. 
Let D be the determinant of the restriction of g to E (considered as 
an element of GL(£',]R)). Explicitly, D = Ylj=i^j if k < m and 

Let w = Cj OT w = icj for some 1 < j < m. By Klain's result, the 
restriction of h{Z{-),w) to i^^ is a multiple of the /c- dimensional volume. 
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It follows that 

(6) HZgK, w) = Dh{ZK, w), K e IC{E). 
On the other hand, 

(7) h{ZgK,w) = h{ZK,g-^w)\detg\^ = h{ZK,w)X-^\det g]'^ . 
Comparing ([6]) and ([7]), we get that 

Dh{ZK,w)Xj = \detg\^h{ZK,w) 

for all choices of Ai, . . . , A^- 

The left hand side is clearly polynomial in each Xj. Since | det g\ = 
Yl Xj and ^ Z, the right hand side is a polynomial in the Xj only 
ifh{ZK,w)'= 0. 

It follows that the support function h := hzK vanishes on all lines 
IR-Cj, M-zCj, j = 1, . . . , m. Using the convexity of h, it follows that h = 
which, by Klain's injectivity theorem, means that ZK = {0}. □ 

Proof of Theorem Ui We first check that for each C C C, the functional 
Uc : 1C{W) -> }C{W*) with 

h(ncK,w) = V{K,...,K,C -w), weW 

satisfies all the stated properties. 

It is clear that the function on the right hand side is 1- homogeneous. 
FoTWi,W2 G ly, we have C-(wi+W2) C C-Wi+C-W2- The monotonicity 
of the mixed volume implies that 

ViK, K,C-iwi + W2)) < ViK, . . . , K,C-Wi) + ViK, . . . , K,C-W2). 

Hence the function on the right hand side is the support function of 
a unique compact convex body 11^7 in W*. 

Next, we show that Uc is a valuation. By the properties of the mixed 
volumes, we obtain that 

h(nc{K U L) + Uc{K nL),w) = h{Uc{K UL),w) + h(nc{K nL),w) 
= V{{K U L)[2m - 1],C ■ w) + V{{K n L)[2m - 1],C ■ w) 
= V{K[2m - 1], C ■ w) + V{L[2m - 1], C • w) 
= hiUcK,w) + h{UcL,w), 

which implies the valuation property of fl^. 

The continuity and translation invariance of Uc follow from the cor- 
responding properties for mixed volumes. 

To prove the contravariance, we use that mixed volumes are invariant 
under volume-preserving affine transformations. For each (7 G SL(iy, C) 
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we have 

h{UcigK),w) = V{{gK)[2m -1],C- w) 
= V{K[2m-l],g~^C -w) 
= V{K[2m-l],C ■ g-^w) 
= h{UcK,g-'w) 
= h{g~*UcK,w) by®. 

It follows that UcigK) = g~*IlcK, hence He has all the required 
properties. 

Now let us assume that Z is a continuous translation invariant Minkowski 
valuation which is SL(M^, C)-contravariant. We want to show that there 
exists some compact convex C C C with Z = He- 

We apply the McMuUen decomposition to Z and write 

2m 

h{ZK,-) = Y,fk{K,-), 

with fk{K, ■) a 1-homogeneous function. In general it is not known 
whether fk is subadditive. Nevertheless, if ko and ki are the minimal 
and maximal indices k with fk 7^ 0, then it is known (and easy to 
prove, see jUj) that fk^ and fk^ are support functions. 

First we show that k^ = ki = 2m — 1. It is easily checked that degrees 

and 2m can not appear since Valo is spanned by the Euler characteris- 
tic and Val2m is spanned by the volume. It is therefore enough to show 
that there is no non-trivial (i.e. ZK ^ {0} for some K G IC{W)) con- 
tinuous translation invariant and SL(iy, C)-contravariant Minkowski 
valuation of degree k < 2m — 1. 

Given such a valuation Z, we define 

Z{K) ■.= 11 qiZ{q2K)dq^dq2. 

Then Z is also a non-trivial continuous translation invariant and 
SL(iy, C)-contravariant Minkowski valuation of degree k < 2m — 1 
which is moreover S'^-bi-invariant. In particular, Z is even, i.e. Z{—K) = 
Z{K) for all K. 

By Lemma [22] there is no non-trivial continuous translation invariant 
and SL(VI/, C)-contravariant Minkowski valuation Z of degree k < 2m — 

1 which is S'^-bi-invariant. We thus get ko = ki = 2m — 1, hence Z 
must be of degree 2m — 1. 
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McMullen's Theorem 12.31 implies that for each w & W there is a 
continuous 1-homogeneous function : W* — )■ M with 

(8) h{ZK,w) = V{K[2m-l],U). 

This function is unique up to a hnear function. 

We want to show that fw = hc-w for some C C C convex, i.e. 
UO = hcm,w), {^,tw))) for all ^ G W*. 

We divide the proof in two steps. In the first step we show that 
fwiO = ^((^) '"^)) (^) '^'"^)) some 1-homogeneous function G : C — )■ R. 
In the second step we show that G is indeed a support function. 

Step 1: By the contravariance of Z, we have for all g G SL(iy, C) 

h{ZgK,w) = h{ZK,g-'w) = V{K[2m - 1], fg~i^) 

and 

h{ZgK,w) = V{{gK)[2m-l],U) = V{K[2m-l], Uog-*) ^g e SL(W,C). 
It follows that 

(9) fg-^u, = Uog-* \/ge^h{W,C), 

where the equivalence relation means "up to a linear function" . 

Let us fix some non-zero element wq & W and set / := fw^. Let 
H = SL(m - 1, C) be the stabilizer of SL{W, C) at wq. Then, by 

(10) foh* = f yheH, 

i.e. / is if-invariant up to linear functions. 

Let Wq := C ■ Wq. The inclusion l : Wq W induces a projection 
L* : W* ^ Wq. Note that each fiber (i*)"V, r G Wq may be identified 
with the complex vector space W/Wq on which H acts. From fllOl) we 
deduce that /|{t*)-iT- is if-invariant up to linear functions. By Lemma 
13.11 / is affine on each fiber of l*. 

Since an affine function on an affine subspace not containing the 
origin is the restriction of some linear function, and since /(O) =0 by 
homogeneity, it follows that there is a function (p : Wq — W such that 

(11) /(O = (e,0ra) v^GW^*. 

Let h E H. Since f o h* = f, there exists some Wh E W (depending 
on h) with 

/°^*(0 = /(0 + (e,^h) y^w*. 

Plugging this into f|TT]) yields 



(12) 



(e,/^0(6*o-0TO-^h) = o. 
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Let T] e keiL*, i.e. i*{^ + r]) = t*^. Replacing ^ by ^ + 77 in ([T2]) yields 
Since this is true for all r] G ker l* , we get 

(13) h<p{L*i) - 0(^*0 -whe Wo, yheH,^e W*. 

Next, we claim that the equivalence class of 0(r) in W/Wq is in- 
dependent of r e Wq. Let ^1,^2 e W*. Replacing by ,^1 and ^2 
in (IT^ and subtracting the two equations, we get that the image of 
4'{l*^i) — <P{t*^2) in W/Wq is fixed by each element h E H. This im- 
plies that — 4>{i*C2) ^ W^o- The claim thus follows from the 
surjectivity of i*. 

We therefore have some w' E W with 0(r) — w' G PVo for all r G 
PVq*. Note that the function ^ i-t- (^,0(^*0 ~ is constant along 
the fibers of l*. Therefore, there is some function p : Wq — ?■ M with 
(^5 <^('-*0 ~ "W^') = Plugging this into ([II]) yields 

/(0=p(^*0 + (e,^'). 

In other words, up to a linear function, / is constant along the fibers 
of L*. Since / was only defined up to a linear function, we may assume 
from the beginning that / is constant along the fibers of l*, i.e. 

(14) /(0=P(^*0- 

Since G Wq is determined by its value on two linearly independent 
vectors, we may rewrite ffl^ as 

/(0 = G'((e,^o),(e,^-«^o)), 

where G : — )■ M is some 1-homogeneous, continuous function. In 
particular, / is if-invariant. 

Recall that SL(iy, C) acts transitively on \{0}. Therefore, setting 

(15) fgu.o-= Uo°9\ WgeSL{W,C) 

and /o := yields a well-defined family of continuous 1-homogeneous 
functions : W* -^R,w eW with 

h{ZK, w) = V{K[2m - 1], /^) Vw G W. 

More explicitly, if w = gwo, then 

= Gi{g*^,Wo),{9*^,i-Wo)) 
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Step 2: Since G is 1-homogeneous, in order to see that G is the 
support function of some compact convex set C C = C, it is enough 
to show that 

(16) G{z^ + Z2) < + G{z2), Vzi, Z2 E C. 

Fixing a complex basis of W, we identify W with C"^ = M?"^. Let 
2:3 := —Zi — Z2 and 

Wi := {zi,Z2,0,. . .,0),W2 ■■= {z2,zi,0,- ■ ■,0),U!3 := (^3, ^3, 0, . . . , 0). 

Note that wi + W2 + = 0. 



Let Wj = Tj^j with rj G [0, oo),^^ e S . Define a measure p 



on 



g2m-l by 

3 

Our assumptions imply that 

3 3 



j=i r- 

We approximate p weakly by a sequence of measures pi with 

^dpi{O=0 

which are not concentrated on any great sphere. By Minkowski's exis- 
tence theorem (cf. [IS, Theorem 7.1.2]), there exists a convex body Ki 
with surface area measure S2m-i{,Ki, ■) = pi. 
For any u E W we have 

lim h{ZKi,u) = lim / fu{0dS2m-i{Ki,0 = 1™ / UOdpiiO 

„ 3 3 

•'^ i=i i=i 

Since h{ZKi, ■) is a support function, we have 

h{ZKi, ui + U2) < h{ZKi, Ml) + h{ZKi, U2) 

for all Ui,U2 G VT. 



14 



JUDIT ABARDIA AND ANDREAS BERNIG 



Taking the limit yields 

3 3 
^^((Mi + U2,Wj), (Mi +U2,iWj)) < '^G{{Ui,Wj), {Ui,iWj)) 

i=i i=i 

3 

+ ^G{{u2,Wj), {U2,iwj)). 

i=i 

In the special case ui := (1, 0, . . . , 0), U2 := (0, 1, 0, . . . , 0), this inequal- 
ity is (fT6l). 

Hence G is the support function of some convex set C C C, i.e. 

G{a, (5) = sup (aci + (3c2) 
(ci,c2)ec 

and therefore 

m) = G{{^,u), = sup(e,cn) = h{G ■ u,0- 

cec 

Hence = hc-w and 

h{ZK, w) = V{K[2m - 1], /ic.«,) = V{K[2m - 1], C ■ w) G W, 
which finishes the proof of Theorem [H □ 

The assumption m > 3 is essential in Theorem [H In the case m = 
2, there are continuous, translation invariant, SL(14^, C)-contravariant 
valuations which are not of the form ([T]). We do not have a complete 
classification in this case, but the following class of examples. 

Fix a basis on W. For a compact convex body K C W, we denote 
det{K,w) := {det{k,w) \ k G K} which is a compact convex set in C 

Proposition 3.3. Let dime W = 2. Let fi be a continuous, translation 
invariant, monotone valuation of degree 1 on C Then the operator 
Z : ]C{W) 1C{W*) defined by 

h{ZK, w) = /i(det(ir, w)), K e IC{W) 

is a continuous, translation invariant, SL{W, C)-contravariant Minkowski 
valuation. 

Proof. The map W ^ C,v ^ det(f , w) is linear for each fixed w G W. 
Hence the image det{K, w) of K under this map is compact and convex 
again. Let /i be a monotone, translation invariant, continuous valuation 
of degree 1. Note that /i is positive and Minkowski additive (cf. [151 
Theorem 3.2]), i.e. fi{K + L) = fi{K) + 
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Given wi, W2 G W, we have det{K, W1+W2) C det{K, wi)+det(i^, W2) 
and hence by monotonicity of fi 

fi{det{K,wi+W2)) < fi{det{K,wi)+det{K,W2)) = fi{det{K,wi))+fi{det{K,W2 

The function w 1— )■ fi{det{K, w)) is thus the support function of some 
compact convex subset ZK C W*. 
If K,L,KULe IC{W), then 

IJ,{det{K U L, w)) + fj.{det{K fl L, w)) = fi{det{K, w) U det(L, w)) 

+ n{det{K, w) n det(L, w)) 
= fi{det{K, w)) + /x(det(L, w)). 

It follows that Z is a translation invariant, continuous Minkowski val- 
uation of degree 1. 

To show that Z is SL(iy, C)-contravariant, we compute for g G 
SL{W,C) and w; G 

h{ZgK,w) = fx{det{gK,w)) = fi{det(K, g'^w)) = h{ZK,g-^w) = h{g-*ZK,u 

□ 

4. Geometric inequalities 

Let V be an n- dimensional vector space endowed with a volume 
measure. The classical Brum- Minkowski inequality relates the volume 
of two convex sets with the volume of its Minkowski sum. If K,L G 
}C{V), and < A < 1, then 

Vol((l - A)ir + AL)^/" > (l-A)Vol(ir)i/" + AVol(L)i/", 

with equality, for some A G (0, 1), if and only if K and L either lie in 
parallel hyperplanes or are homothetic. 

We shall use the following generalizations of the Br unn- Minkowski 
inequality. 

Let V be endowed with a Euclidean scalar product. If i^, L G IC{V) 
and < i < n — 2, then 

(17) Wi{K + > + 

with equality if and only if K and L are homothetic (cf. |30j). 

If K, L,Ki,...,Ki e JC{V), K = {Ki, . . . , K,) and < i < n - 2, 
then 

(18) 

V{{K+L)[n-i], K)^/("-') > V{K[n-i], K)^/("-')+1/(L[ri-i], K)^/^"-^). 
In this inequality the equality conditions are not known. 
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A special case of the Aleksandrov-Fenchel inequality is the following 
generalized version of the Minkowski inequality. If K,L G }C{V) and 
< 2 < n — 2, then 

(19) W,iK, Lf-' > W,iKr-'-'W,iL), 

with equality if and only if K and L are homothetic (cf. [l3l Theorems 
6.4.4, 6.6.9]). 

Let us return to the complex case. The key lemma for the proof 
of the Br unn- Minkowski, Aleksandrov-Fenchel, and Minkowski type 
inequalities stated in Theorem [2] is the following symmetry property of 
the mixed projection body. 

Proposition 4.1. Let Ki, . . . , JsTsm-i e IC{W), Li, . . . , L2m-i G 1C{W*), 
and C G C a convex body. Then 

V{Ki, . . . , K2m-1, nc(Li, . . . , L2m-l)) = • • • , -^^2m-l, ^ci^lj ■ ■ ■ J -^2m-l)), 

where C is the complex conjugate of C G C 

Note that this equation does not depend on the choice of volumes 
on W and W*. 

Proof. Let us endow W with a Hermitian scalar product and identify 
W with W*. Set K := {Ki, . . . , K^m-i) and L := (Li, . . . , Wi). 
Then, by the definition of LI^; and by [131 Theorem 5.1.6] 

V{K, UcL) = ^ [ hiUcL, OdS{K, 

ZTfl J g2m-l 

h{C ■ ^,w)dS{L,w)dS{K,0. 

The statement of the proposition now follows from Fubini's theorem 
and the relation 

(20) h{C -^^w) = h(C -w^O, ^,wgW. 

□ 

The proof of Theorem [2] follows from the symmetry property stated in 
Proposition 14. II by arguments which were mainly developed by Lutwak 
[3T| |32| [33] . see also |15]. Let us only give the proof for the Brunn- 
Minkowski type inequality. 

Proof of Theorem\Mi)- Let Q E }C{W*). Using Proposition 14. H the 
general Minkowski inequality ( [T9|) and Brunn- Minkowski inequality 
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( ]T8|) we have 



> WoiK, n^Q)^ + Wo{L, UcQ)^ 
= Wo{Q,ncK)^i +Wo{Q,UcL)^ 



1 



2m(2m-l) 



Taking Q = Ilc{K + L) we obtain the desired inequahty. 

The functional K h-t- W2Tn-i(n.cK) is a translation invariant con- 
tinous and f/(m)-invariant valuation of degree 2m — 1. Hence it is a 
multiple of Wi (see [3j). Since C is not a point, He is not trivial and 
thus there exist a constant c > such that 

(21) W2m-l{llcK) = cW^{K). 

Now suppose that equality holds in Theorem [2l[i|) . Since equality 
in (fT9|) holds only if the two convex bodies are homothetic, the three 
convex bodies Q = Ilc{K + L), HcK, UcL are homothetic, i.e. 

UcK = XiUciK + L)+ ei, UcL = X2llc{K + L) + 6 

with ^1,6 e and Xf^~^ + A^^'^ = 1. Applying W2m-i to these 
equations and using ( l2Ti) yields 

M/i(K) = Ail^i(fs: + L), Wi{K) = X2Wi{K + L). 

Therefore we have equality in 0171) . which implies that K and L are 
homothetic. □ 
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